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THE APPORTIONMENT OF MANUFACTURING COST,,..· 
IN A STOCHASTIC ENVIRON:MENT 
BY I ! 
-Ch.ar1les· Mic}tae·1 Ricbter .. · : .. . . . ~- ' . . . 
ABSTRACT 
,T ., 
.~ . ;:. 
• 
• This paper treats the subject of manufacturing costs in an N 
stage stochastic manufacturing process. The direct hours an employee 
works on a stage and the st-age yield are considered to be random 
variables in a -general cost model. 
The problem of theor·etically ,det:erzn.ini-ng the probability density 
functions for the cost of each st-age. 1-f? di,s.cussed. These density 
functions ·are deterzn.ined from eni:p;irical data and found to be Pearson 
type I in all cases but two. 
D.ecision levels are calculated from the· :probability density 
fun·c-t·ions f'or the cost at ~.l=LC!h· stage and found. t:o be narrow enough t·o 
l:rE= µseful. Actual data is ·compar.ed against the:s-e- ,decision levels and 
:s-ta.ges exhibiting exc:es·s:ive· cos·t deviations. ·ais cuss.-ed •. 
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Th.ts ·t·echn.ig)1e, :is i·±:kewis:e :a.rtalyti::c!·~lly uns.o . .lvaol-e .• 
:Method C_' 
Th·e ·t,h_,i·r·.d ·me-d;hod ·inyq).ve:s th}2: ,c:al·cu.latio.ri_ of -G.-.i :frorn. ·s;atripl:es: · :o::f 
Ill 
)1. and Y. c:1:n<i eiqtiat:·i:O:JJ$ I:·r:J'...,·1,2. F-rqrn th-_ese· .l:{-arnp-le-s, th'e.r1 ~ t:he d-ist:-ri--. l l ' . 
'~ 
r·v' - RE'SULTS AND .CON:C:LUtIIiON'S •· • .-. • .. -- .• ·, -•• • • • '• ,·I, • • - •• , • 
·Distltibutions {)f "the· c .. '• • ~ • - • • • •, " • • ·.' ; • • •' ·, ·•" • 
• I • 
• 
. . . . . . <l 
fo.r the: t:Y:Pe$ ·of p.r·q1Jc3;bj_lity de:rr~i t·y .ftirlcti·o.n.s assioc:'i~at~~ w:i,tl1 c>i·· 
I:t is: .interes.tin-g to :n-o,te th:at ·all :of the op·e:rations ex·c:·ep:t two :risave-
' 
' 
t:6. 9-. ·µn·ft: bet:a, e-q_uati:t)n. (.III~4-} ;, and ·t:a°Qle:s, 6:f the J::n.compl-et.e .. Betti • i • ' • • 
.Ghos·h -[ 3 J , [ 13.J., ·d··ec·is .. ion. c.r:i·t:e.J~·ia may b.~: :cal-'C!:uiate:d. .. 
re:quire en:gi:neerirrg -9-tt.enti.on. The ·pe..ri-c)di.:c .re-.v:'.ie·w .:an.d anal.ysi~i :ci:f .. 
·.· 
An.alysi·s. .. .-at· Act·µ$,l · ·Dt:ita.. 
. . :· .. • 
,.. . a 
<Dpe·r·at.·i.·on.s :rank·e:d. accc:or<J.irtg: -to -~x:ee,s:sive c.os·t. . . 
. 
... e.:x:cess::Lv.e a.rnottnt·s;; w.h±l:e: t.lre o:th·e-r t:Jj:.re-~ -we.re, nt o·o good:.'' l.f one· 
Th.is: indicates t·ha.t -th.e . . . ' .. 
. . . . ·-· 
·.-. 
I" 
;11 
I 
I 
,J 
• ' 
19: 
6h-~n,ged ·:from. :8n·a, r·o·r :d-ay- :fll., to 5th.,. ·for ·day #2, ;and it·s· rel.at·ion·sh·ip . . ~ ·. . . - . 
. 
. 
.. ' t.q. qperat,iort i·130 ,. ·with. :respec-t t·o ·ex·q.es.::3i.ve cos·ts:, is min.or'.. Cerri.-· 
·q ever e _pro c es s: J?·r.QP. l.J~:tn-.· 
·Concius:ions: 
d.ensi t.y :fun:ct:i:ons d~t·ermined :fx.qnr .ac.t:u-al .a.at·:a fit almost uni.ver.sally • 
t0 as·s·ume si.rnp·1e. d1)3·t·ributi.onal )3·hapes for t:he ope.ration '.s cost, :as 
' .,, 
111 
,,, 
' 
,, 
I 
'iii r,
I 
! 
I 
,, 
tri1J11:te rnos:t ·t.o 9:ost, r.educt-iq·n efforts. :and. p:r:o'.ce_s·s-: improveme·:rrts. 
ass:·ume:d that. tb..e :ran:.dom varial5i:e·s. lJ.. @;Dd :y·. were: i:n.depe·ri-d.e:nt" This l 
. l 
·1s .-q; simpl.ify:i.ng assumpt.:ion. when. c-orn:P.u.t:i·ng tr1e- :joint: probstb··il.it_y: 
hi an,q_ yi, ar.rd :us·i't1Jt E=·qu·c:3.tio:n:s ( III---1, 2) :, t.h.e c_i .could: b~ p:imulat:ed 
usi-r1g Motite :C:ar.lo t··ecth.ni:.cC:fues. A. worthwhile a:r:e .. a. o.:t i.n·ve·stigatio.n· 
(]io:s: ts: an a· th.e .d:eh s i t:y .f:un.ct i oti.s cle.r.i:ve·d. for C . ,. 
'l: 
:Tr1is would also en--. . . . ·. . - . . . - . . .. . --
. . . 
&.b:l:e. muc:h ,larger s·arnplef:3°' ·to. be ,cibt.=a·i·.:neq an;d \rs.ea '·t·o· c.~lculate th'.E2: 
·density :fu.rtct.io.n for :CJ .•• 
,, .1 
a,'reas. 
·. . . --. 
II 
II 
Ill ] 
1 
:l 
'\ 
', 
0 .. ·2: c:. . 
·._r. es:t i_~_:.n_ t._·:_h·-.· ..·•e··_ ·g·.: ......... o· u·.'P .. i.·.·_·n:_g·. ·.·•. H. · ·· · · ·h. ·· · · .. h b · ·t·· t ., .. :i: ;:J ·t· ·h · t · _ .L .. owever:.,· .. ow muc: e :_ •er wo~-0. ,.:··.:e :en ·ire. 
...• gh.·.·:. -. ·t·.· .1:.· wei ..... · : ... 
E·11ingbon.: [7]. It· wo4.ld be int.:er~st·in.-g.. t.o: aev.elo.:P ·ct similar he-u:r:i.$.t:ic 
environmen.t. . . . . .· .·. 
. ..... • .. · .. 
wi-de:r and more t·hor:ough :$t·udies ·i:r1t.Q the. de·ta.ils cYf a :rp:a;n1.:rfa.c:turing 
03··, p,.· 
.Ind.i:rect l:.ab.o.r 
. 
. 
.Dep:ar1Jcme.n·t:. ex:pEfr(t3'·es 
-'.EI-eat @cl: ·e1e·ct··r.ic·:tty· 
. 
.. 
'.';,. 
I 
ii 
1· 
·_8·_4_: C:. 
TAB:LE: ·2 ~. TYP.E OF :BIS:TRI._B.lV:PI:Ort ·FO·R :c ..• ·. 
. · ....... •· . ·i 
.. Q:perati.:oti. 
·NUinbe.r 
• .. ·• . ... 
]~010 
1(}2:.0 
103·0 
10:40 
1050: 
.106·0 
1.010 
10· .. 8·0. 
io.90 
)~lOO 
1110 
11:20: 
11:30:· 
114·0. 
. . ' - . . 
11.-50: 
116() 
1170 
.Di.stribution . . 
. . ' . ' .. . . - .. . 
:o·:f' ·C • 
.,.._...;.------.: 1---. ----~ 
.b t· I : ·e,a·· 
. ' . : . . 
bet-a 
·beta 
beta 
type ·vI.2 
pet.a. 
beta 
b:e:t::a 
beta 
·beta 
oeta 
t· .... · ·····1· v3 . :yp.e .. · .··_.-
. . •: 
·beta. 
·beta 
'• . . . 
b.eta 
. . ~ . . . 
b·e.ta 
. . . :-
l.: ·-G.ener-ai ··oeta- ·di:s.t.r-ibt1ti.on_ i·s :gi\ten by· eq11at-.it>rt III-3 
:•2 ,J?:e.ar·s::9.n: type. VI distributi-.oti. From: [6] 
-f{ x): =· ·y (x--a)-c,l2x--~1 
... :o. .. ·.·. 
f'{x) = y 0 {1 + :;) -m ·.... ll e-
y· = 
··. 0 
F( 
,._ . . . . ~ l 
). -
.. ·.·.·· ····)' .. 
:r·' 'i/ · .. • 
_, fl 1r' 
.e 
·~I ( I )" tg,p_ ·-;x·.·.·a:• 
1r 
/2 f • Slll 
0 
r. 
.,k· 
·'+' 
JI</, 
·e dcp 
t 
111 
,11 
.TAilLJ~: 3 
s.A}1PLE ,SIZE::: 20: 
..... ; .... -·. . . . . .. ' ... 
MEAN: 
\fARIANCE: 
A .. : 
B .•. 
• 
ALJ~HA :· 
COST 
1.968350 
0. 0.1.465:3. 
:0.000'5.5·1 
. . . . . . . 
(J.·000327 
--0.026191 
.l·.'778233 
:2.106089 
,-0· •. 543564 
· ·--0.669314 
1")6 c:_.· .• 
OPEPATI0~1 NUlffiER: ]_020. 
SAMPLE SIZE: 
11.:_; m .. ·.A·· · :Kr_ .. • rµ:::, . -Vt • 
VAP .. IANCE: 
·4 TH }10}1ENT : 
PE\ARS·ON CP .. ITER.IA: 
20 
. .. 
:.c··.·,o ... s·T•··· 
. ·--~ . 
. 5.2:2485.0 
. . . . 
0.121031 
0.023622 
0.038614 
-0.155703 
I)lS·TRI,BUTION PARAf·1ETERS 
A ::. 
B : 
BETA: 
3.9q9824 
5.792042 
2.240522 
0. 500 .. 3"i6, 
:, 
OPERATION NU}1BE-R: l·0.30::. 
SAMPLE SIZE·:: 
}ffiAN: 
VARIANCE: 
4 TH t·10}ffl!.:J'T : 
PEARSON CRITERIA: 
DISTRIBUTION TYPE: BETA 
'C·OST 
0.796000 
0.086075 
0.022637 
0.029534 
-1.653994 
n:t:stRttBUT ION PARAJ~·IBTE·RS· .. - . . .. .: ' .-.• ' '·•. .. . . .. 
A .•. . . .. 
B : 
ALPHA.: 
BETA: 
1.355459 
25.754314 
2.148194 
~ 
'" 
.,, 
I 
,' i 
j 
' " 
28· 
SAMPLE SIZE: 2·0 
MEAN: 
VARIANCE: 
3RD !10}1El'IT : 
4 TH ~10}1Et.1T : 
PEARSON CRITERIA: 
.COST 
0.231300 
0.000167 
·-0. 000000 
:0:~_000000. 
-ia!IO.017021 
DISTRIBUTION TYPE::: BETA, 
A : 
B : 
A.LPHA : 
BETA: 
Q.215440 
0.251873 
-0.585339 
-0.462111 
I 
' ~ 
SA}fPLE. S.I:ZE: 20· 
... ·.. - ·- . . . ' -. . . 
l;1fE·; AN· .. · ·. • 1'-.: . .:.. . .. . -~ 
'VARI'ANCE : 
4TH }101'-fENT: 
·p·· E• .A:R' ·.C',Ql-T c-·R. ·r· . T··Ec :R·I·A· .•. : . ~ :, .. ~- .. . J.:~ ... · ... · ... : ..... ,· ...•. . ·. . ... - '•' ·-
. . .. - .- .. _·, .. -.. -.,. 
.A:' .• 
•• 
Q.l : 
r.'\2· • tI •·. '• · l . . . 
·o. 0000.13 
-0. 00000·0: 
0.000000 
·1.199924 
·o. 011sso 
7.723118 
-8 .1362.,72 
II 
' 
·OPEJtATION. NtJ~~B'E.R.:: .·l,060. ·, . .. . . . -· . 
. 
.• - ._ .. . . -· 
s A!.-1PL E s :cz:E: :. ,:2:Q 
·ME· .: .. A. 'N. '• 
. - . •, 
: ... , .1...1 . •• 
. 
. 
3,X:')J) If 0~-1ENT : o 0013.9:0 
. . . . .... 
p:£.AR~tb}i CRIT.ER:IA ... :: 
.... : . . ... . . . ... 
:D·I:,S.T'ItIB'UT.ION:: .. TYP.E :. BETA . . . . . . . . . . . . . 
A : 
B : 
ALPHA: 
BETA: 
0,.:8·.14809 
1.468341 
-0.059570 
-0.232212 
.3l· 
OPERATION NlJ}1BEF.: .1070 • 
SA!·1PLE SIZE: 
MEAN: 
·\TARIA1~CE: 
3RD MO~fENT : 
4·TH }10MEr1T : 
P:EARSbN ·c.R·I.TERIA: 
.. 2-0·.·. 
._ . ·: ... 
COST 
1.065500 
0.0154.90 
0 .•. 0.0282 .. s 
0,.001223 
•. • • • ; •• '• • • a 
·-1.-12:504.-2 
. . . . . . . . .. ~· .. 
DISTRIBUTION TYPE: BETA 
.A : 
J3· : 
ALPHA: 
BETA: 
0.283451 
1.188803 
3.513581 
-0. 28835·9· 
··3· .r?> :c ... 
,TAB.·L··E: .10 
.. ·.. -..... 
OPERA'l?"ION NUMBER: 1080. 
SAf·iPLE SIZE: 
\·h?AN·· ·.J_·. 1\ll.';j . • . 
VAR.IANCE: 
.3RD ~·10MENT : 
4 TH i'-f 0}1ENT : 
PEARSON CRITERIA: 
:C(lST 
3.093450 
0.168721 
0.178971 
o. 22528() 
-1.674826 
D!ST'it:IBUT-ION .TYP.'E :· BETA . . . ·. . . .. . .·_ - '•.... . 
A: 
B : 
ALPHA: 
BETA: 
1.806187 
3.243432 
-0.870766 
-0.984943 
,. 
TABLE 11 
OP.E·RAT'I.ON NUMBE.R: 1.0 .. 90 • 
. ~ . . .. · ' . . : . . . . ' 
MEAN: 
VARIANCJ:i:: 
3RD }fOr1ENT: 
·4 TII }10MENT : 
:PEAR.Sor~ CRITERIA: 
co:sT 
0.529250 
0.1224·24 
-o.14·5932 
o. 21095-7: 
-3 .108668. 
DISTRIBUTIO}J PARAf.1ETERS 
A • 
. · ... ,_.·: 
:B ·: 
.ALPHA: 
-1.197612 
0.649463 
-0.349604 
-.0:. 954724. 
3 1, ··4 
.. 
TAB'LE 1.2 
OPERATION NUlffiER: 1100:. 
SAMPLE SIZE: 20: 
MEAN: 
VARIA!lCE: 
3RD MOMENT: 
4 TH M()MENT : 
PEARSON CRITERIA: 
(l.6284 ..00' 
0 ..• : 009:3.q-4-
.o ... 000102 
0.000146 
-0.003865 
DISTRIBUTION TYPE: BETA 
DISTRIBU-TION .PAFA.~·tE·&s:· 
. . .. ... ' ,• . - -.• . ., - . 
-A·.· • 
·• 
B : 
ALPHA: 
BETA: 
0.467023 
0.770921 
-0.226741 
-0.317094 
' 
I 
I 
,;; I 
if[ 
I~ 
I. 
l 
.I 
I 
.35-
:Q.J?ERATl.ON N{TMBER: 1110. 
SAf1PLE SIZE: 2,0: 
11EAtJ: 
·3·RD M0!-1ENT : •.. . ·. 
4TH t·10}1ENT: 
,PEARSON .CRITERIA: 
,CC1.S:.T 
'O •. 04313·1 
o:: • .:.o1s6 79 
0. 011-71·9· 
-1.596303 
IJI.S:TRIBUTt:oN· 'PA(RAfIBTERs. -.. . ·- . . . . . ' ' - . . . 
--
. 
. .. ,;•. .. . . . . .. .. . . .. 
A .. · •· it:I • 
B : 
ALPHA: 
BETA: 
0-.001874 
1.664912 
3.615889 
-0.441460 
·Q,PERAT .. ION ~-W.·IBER: 1120. 
SAf.1PLE SIZE·: 20 
t1EAN: 
VARIANCE: 
3RD MOMENT: 
4TH }fOI·filNT : 
. . . PEARSON CRITERIA: 
0 · .. 1.2:22·50: .•. . . ... . . .. 
fj. :0000 35· 
·0.000000 
0.000000 
0.504485 
:Dr·.STRIBUTION TYPE: TYPE ·rv 
DISTRIBUTION PAilAI'IBTERS 
A: 0.018969 
tf: 11.967424 
NU: -22.132475 
I 
I 
1
11 
!:II 
ii 
"' 
:11 
' 
:3·7 
TABLE 1.5 
C5PERATI0N NUMBER: 113.0 ... 
SMil'LE SIZE: 2·0 
:ME. ··.AN··.·• 
. ,•. . 
VARIANCE: 
3RD ~10}1ENT: 
4 TH }·fOMENT : 
PEARSON CRITERIA: 
3.239200 
1.100044 
·-2.418965 
7.625810 
-1.201540 
DISTRIBlJTION TYPE: BETA 
n·r:STR-IBTJTI:·o:N PARAMETERS .· ... -.. • • ... • . . . . . . ' - ... 
A • . . ~ 
B : 
ALPHA~ : 
BETA: 
2.689877 
6.895449 
-0.892136 
-0.282063 
3:8 
T-ABLE .16 
OPERATION NUMBER: 114-0. 
. . . . '• ~ 
SAlfPLE SIZE;: 20 
l1EAN: 
"VARIANCE: 
.3 RD Mor.fENT : 
4 TH }-f Or·IBNT : 
PEARSON CRITERIA: 
:.DISTRIBUTION TYPE: BETA 
A :. 
B. ·• 
•• 
B.~tA. : 
COST 
1.415400 
0.033316 
·0.002730 
0.002256 
-0.066779 
1 ..•. ·0.096.20 
0. 22775.0 
39· 
OPERATION NU~ER: 1150. 
SAf'fPLE SIZE : '.20: 
MEAfI·: 
VAR.IANCE: 
3RD MO~IBNT: 
CO.S'T 
;Q .1·9t3_45·0 
·o .• ·03.-3-8.36 
.o:. ·ooio.32 
. . . . . ' 
:0·.:004898 
. .· ... 
Ilt·-S T:JlI::B·tJT r·o}1: TY'P:E : IlET.:A 
•· - . . . :• . . . .. . .... 
,A. :· 
-ALPl:iA :: 
-0.636383 
1.044631 
7.057121 
0.382399 
\. 4o. 
·-01?.E·RATI(JN. 'NUMB.·Etl·: 1·16:C) .• 
. '• -·-· · ....... - .. . . . ' . . ,: .. ·... . ' . 
}1EAN: 
·· .3I{D MOMENT : 
4-TH MOMENT : 
·p· 'E· AR· ... s··. ON" .. ··CR· I· T"E'' R·r··A· . 
•• '•. ·_ " ·• ... • · ••• _· .' Ji;. • :-, • .- • '~- : .. ' '\:··. 
. . . . . . • .. ,; . - .... - .. 
. o .•.. 3:6:2300 
.o. 008642 
0.001760 
0.000498 
-1.294564 
iDl(S:.T.RI:BU'TiiON TYPE: BETA 
· .. · . .. ·- . .. . . 
DISTRIBUTION PARA}1ETERS 
A • 
• 
B : 
ALPHA: 
BETA: 
O.QJ:711.44 
0.408512 
-0.353169 
-0.908070 
Ol?ERAT_ION NUMBER: 1170. 
iSAMP·LE SIZE: 
MEAN·· 
'... . . . -· 
4TH MOMENT: 
PEARSON CRITERIA: 
20 . 
. c.o·s··T . 
. • ·. - . 
0.408436 
0.148397 
0.294379 
-0.087566 
:PJ:S'r:RIBUTION TYPE·:· BETA 
·1 
A:. 1.444128 
B : 
ALPfIA : 
BETA: 
3.217478 
-0.505817 
-0.724280 
I 
4 A . _·C.:. 
TABL:ET 2'0. ,- DE"CIS.I:CJN lJrVELS FOR OP"ERAT.r··:oN co·s:T.S: .·.: · ... -. •' . . . ·. --.- . .- . . ' '" . . . ,• .. -... . . .. -
f):pE; !; ~t.i ·b.h 
Nu.mo·er 
·. ·.·. .' : . . 
lOlO· 
10:20. 
1·0.30 
104.o· 
:J..0:50 
1060 
1070: 
1080 
.io·90 
1100 
.1·1:10 
1.1·20 
.113.0 
.1140 
115·.o 
11.60 
. 11·70. 
Mean 
Cost 
l.968 
5.225 
o. 796 
0: •. 231 
.0-.• 137 
1 .. 175 
1.066 
. . 3. 09·3 
·o .:529 
.Q .6{?8 
1 .. 485 
·o .. 122. 
3.·.2_39· 
-l-.4l5 
o. 79:·B 
O. 3.6.2: 
2. 5:s-:2 . 
D. • · .• ·. ·· L-:_;e--·_._ ... ·.:,:.·r,_:e·.l· ·. s 3 . . e 'c:i s i.,,.on v, 1·~ow · · ·· · · HiEfl 
J~. 1·so 
4.576 
0 .. 2-46 
b .:216· 
O .130· _ 
o :•'849 
:0 ,.:805• 
-~~ '8114 
o .. o::o-o · 
O·. 4 .. 77 
1 .. 0.43 
:O .. 109 
:2· ... 690· 
1.084 
0::.:436 
·o .:1·0._9 
1 .. -469· 
2.106 
5. 70.4. 
·1.187· 
0 .2.51 
,:o .151 
1. 4,54 
1.186. 
3.: •. ·243 
,.O. 649 
:o_. 1frti 
.l. 6:6:3 
. b .. 142 
. .· 
:6_:.012. 
i .-6:50 
·1.,01.6 
Q·.408 
:_3·.:21·7 
3 b.as;e.d. Oh Pr { .xl X '< x 2 } ~ 0.[10 
4 .. . . . 
. ·. . . . ..... . 
· 1-kct.-uJa.l c-:.omputed value i·s -0. 357 becaus-e ·-the 1.'orrg tail o.f the 
d}$J3,t:ribt1tion, as f.i t to the dat.a, extends '·irtto th~: region ·x 
< O. HowevE;r, :for prac.tica_l :purpo,s .. es t_1le lower li-:tni.t rriust:· 
'be· zerq .. _ 
I 
Ill 
• 
. 
:Qp.er,ation 
·NumbeJ:-
·-- .. ·.. 
.• 
. .. . . . ·-. ~. . ..... 
lOl•O 
· l;.020· 
,10·3,o. 
io4o 
.ioso 
1.060: 
• • l • 
1070 
1080· 
1090·. 
· l.lOO 
1110 
:1:120 
1130. 
1140 
:ll5-Q 
.1160' 
·ii:70 
:COcrst 
In.c·ur:red 
. . : . - - . . ' - ' ,: ... . 
. .... . 
2 .•• .cr64 
5'..075 
Q.801 
0 .. 122* 
0.148 
o. 6.96tf 
i .2'96'* 
2 ·'9'24 
o .. ·4oo 
0: .:569 
}. 591 
0 .. l25. 
7 .• ()64* 
.1. 09<t 
0 .• p.09' 
:0:. 291 
O •. 903* 
Act·ual Cost 
~-- .Mean Cost 
·.--· o :•. 4 7:9· 
Q.230 
E:apJc:i,:1,1·g:. 
., •. '· .•. . -' .¥ . . . . ' ' 
.4 
2 
·1·.· ..
.5· 
:Ov.e r·~t-.t o·n 
N"i.trn b et . 
·10·10 
l02·0 
. . . . 
.1030 
1040 
1050 
106·0 
.1070 
·10:80· 
:109.p-
1100 
1'110 
ll20 
1130 
.1:·140: 
.1'1.5cC) 
1160 
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